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Abstract

The object of our study is : A model for root growth through a free boundary problem and the effects
resulting from differences in nutrient availability and transport of one only mobile nutrient between the root
surface and the rhizosphere produced by a absorption Michaelis-Menten for low and high concentrations. The
model equations are solved by two methods: the quasi-stationary method and the balance integral method.
The numerical solutions are used to compute radial root growth. Curves of nutrient concentration at the root-
soil interface curves as a function of root radius as well as curves representing root radius as a function of
time are plotted. The parameters which are varied are the root absorption power, flux velocity at the root
surface, efflux, rhizosphere radius, diffusion coefficient, buffer power, and maximun influx. The two
methods show the theoretical results for radial root growth in the range of low and high concentrations. The
balance integral method provides more detailed information .

Introduction

One of the methods for studying the nutriet uptake by plant roots, which can be a satisfactory method of
modelling the plant-root system is by use of the partial differential equation for convective and diffusive flow
to aroot, and simulation models for nutrient uptake have frequently been used in the evaluation of the effect
of soil and root characteristics on nutrient uptake (Nye et al., 1969; Claasen et a., 1976; Cushman, 1982).
These models have only considered nutrient uptake and have supposed an exponential root growth, without
taking into account effects of coupling between nutrient transport and root growth. Because of the difficulties
in modelling these complex processes, in recent articles (Reginato et al., 1990, 1991), as a first aproximation
to areal, more complete description, a method for computing the effects on root growth owing to absorption
of one nearly inmobile nutrient by means of a free boundary problem has been proposed. In these articles, the
root radius s(t) as a function of time and the interface concentration C(s) as a function of the root radius s(t)
are computed by the quasi-stationary method (Crank, 1984) with a contour condition representing a fixed
rhizosphere border. Also, the interface concentration C(s(t),t) as an explicit function of s(t) and thetimet, asa
the root radius s(t) vs. t are computed by the balance integral method (Goodman, 1958; Reginato et al. 1992).
Both methods are based in the principle of conservation of massin the soil aswell as at the root-soil interfase.
The goal of the present paper is to compute the root radius s(t) as a function of t and the interface
concentration C(s(t),t) as afunction of (t) through the quasi-stationary and the balance integral methods with



anull flux condition on rhizosphere border valid for mobile ions, in order to estimate the effects of different
parameters on root growth for low and high concentrations (not saline conditions).

Thefree boundary model and gover ning equations

Because of the rather complicated scenario of the plant-root system, as a first step toward achieving
some understanding of the physical and chemical processes involved, an idealized one-dimension diffusion-
convection ion transport and radial root growth model was chosen for this study. As described for us
(Reginato et al., 1990, 1991) it is assumed that : a vertical cylindrical root is immersed in a porous
homogeneous and isotropic medium (the soil) while moisture, temperature and light conditions are
maintained at a steady state. It is assumed that the nutrient uptake occurs at the root absorption zone, and the
root hairs are not considered in the present model. The rate of uptake can be described by a Michaelis Menten
equation, and the rate of influx at infinite concentration (J,,) and the Michaelis Menten constant (K,,) are
independent of the flux velocity of soil solution at the root (v,). The nutrient transport occurs via convection
and diffusion in the radial direction only (the latter takes place in soil solution phase only). It is assumed that
the diffusion coefficient (D) and the buffer power (b) are independent of the nutrient concentration, which
implies that there is a linear relation between C and C;, where C is the total diffusable ion concentration and
C is the ion concentration in soil solution. No allowance for a change in Jn, K, or E (efflux) with age is
made. It is also assumed that the coefficient diffusion is independent of the flux, and the convective velocity
of water at root surface is not affected by nutrient concentration. Production or depletion of nutrient by
microbial or other activity is considered null, and owing to the proposed model not taking into account the
energy balance implicit in the root metabolism, we assume that the nutrient taken up is totally available for
root growth. At this point, only a fraction is available for root growth and the remaining nutrient is available
for shoot growth. So, we arrive to only qualitative conclusions. From now on, we shall denote C, by C for
convenience in the notation. The governing equations for convective and diffusive transport of nutrient to the
root (Cushman, 1982) as well as the governing equations for root growth at the root-soil interface for low
concentrations (J,, ~ kC) are given in the following free boundary problem to one phase (the soil) (Crank,
1984; Tarzia, 1988; Tarzia et a. 1989) (In order to simplify the model, without loss of generality, radial
growth in cylindrical coordinatesis considered) by:

i) DCr+D(1+6% =0, s<r< RO<t<T

i) C(r,0) = o(n), S <r<R

i)  —DbC(RY) +V,C(RY) = 0, O<t<T

iv)  DbC(s(t).t) + VoC(s(t)t) = KC(s(t),t) — E = aC(s(t),tyvs(t), O<t< T

v) 90 = %, 0<s <R «y

where: C;, = %, Cr = gQ—r‘E, C = %, r is the position coordinate, t the time, T is the time for which the
solution exists. Equation i) represents a simple application of the principle of conservation of mass (in soil)
under steady moisture conditions with the nutrient flux consisting of two components (diffusive and
convective) (Cushman, 1982), Equation ii) is the initial condition, and Equation iii) is the boundary condition
on the rhizosphere radius taking into account inter-root competition for the nutrient considered, and is a more
realistic condition when the more maobile nutrients are considered, Equation iv) representing the mass nutrient
balance conditions at the soil-root interface, and equation v) is the initial condition for the free boundary s(t).
vg(t) = % isthe rate of radial root growth, a is a stoichiometric coefficient, R is the rhizosphere radius, and
S istheinitia root radius. The parameter ¢ isgivenby ¢ = % > 0. ®(r) istheinitial concentration profile

(given by the equation (11) below). The two free boundary conditions (1-iv) can be written by :

Ci(s(t).) = 9(C(s(t).1) t>0 2

vs(t) = f(C(s(t).1)) t>0 (©)
where functions g and f are given by:

9(C) = g [(k—Vvo)C — E] (4)

f(C) = 3 k-¢l ®)

which satisfy the following properties:

fC()>0 & C>C, = £ (6)



gC) >0 & C>Cn= g5 (Cm > Cyp) (7

The solution to problem (1) is given by:

cry) = B - 29, st) <r<R, t>0 (8
where;
_ [ E 1 _ ()
a®) = [ ) ] Fp— p—— az (9) (9)
e @ a e+l
pO = R [+ 7] = 0ok = aof Sy (10)
1 S)_ 1
o — e—FEH - a(0)[% — 1] = (11)

R

=)

- ml(sﬁj) -1 [%]EHI (é)

and s(t) is the unique solution of the following Cauchy problem (Ince, 1956; Kreider et al., 1968):

vet) = % L(%) , t>0 (12)
s0) = s € (OR)
where:

= E — M 0 — RE 0 — 1 S 13
A2 = Vs, b Vs O P Vo~ o TR (13)
I(X) = X(ao X — 1), L) = 1+ 8 155 withx € (0, 1) (14)
Moreover, the interface concentration is given by the following expression:
C(s(t).t) = (%) t>0 (15)

0= )

that is, the interface concentration does not depend explicitly on variablet.
We can remark that the solution, given above, for the problem (1) exists and has a physical meaning if
the conditions

Xa(w) < £ < 1, ¢=2€(01), (16)

Vﬁo>w(p(§)) - ”()% e=10¢, =100 (17)

among parameters X Vo 2,
solution of the equation:

0 are satisfied (See Appendix A for more details), and x3 = x3(f) > O isthe unique

p(x) = 1, x € (0, 1) (18)



with:
p(X) = (1 + x)x* withx € (0, 1), (29)

) = 25 withx € (1, 2). (20)

The solution of the Cauchy problem (12) is computed numerically by the Runge-Kutta method for
ordinary differential equations (Conte and Boor, 1972). Figures 1 to 12 represent theoretical results for the
interface concentration C(s(t),t) vs. s and the root radius s(t) vs. t as a function of absorption power k for low
concentrations and parameters which satisfy the condition (17). For simplicity we choose the parameter a
equals to 1, i.e. we assume that for each ion which arrives to root only one carrier is available for the
absorption. Results of a sensitivity analysis using the free boundary model are shown in Figure 3; the initial
values used for the analysis are shown in the same figure. Each parameter has varied between 0.5 and 2.0 of
its initial value, whilst all other parameters were held constant at initial values following a similar
methodology given in Barber, 1984.

A similar set of equations for high concentrations are given in the following free boundary problem
assuming that the maximun influx isgiven by J~ J,, (Jn — E > 0) if we replace condition (1-iv) by :

iv) DbC(s(t),t) + VoC(s(t),t) = Jn— E = aC(s(),t) vs(t), 0<t< T (21
Now, f(C) and g(C) are given by:
9(C) = ﬁ [Jn — E — vo(C] (22)

f(C) = =35 [ ¢] (23)

a

which satisfy the following properties:

90 >0 & C<Cy= =E (24)

f(C)>0, VYC>0 (25)

The solution of problem for high concentrations is given by :

cry = () - 2O, sty <r<R, t>0 (26)
where :
5(t) = [*55] YR — = S (27)

10 = A+ = a0y (28)
In— ¢
o0 = 8 [1- (5) 2] e
and s(t) is the unique solution of the following Cauchy problem:
G- w(R), $0) = 5 €OR), t>0 (30)
where | and L are defined before. Function ® = ®(r) satisfies the following conditions
P00 = —0, DR = %ﬁgo, ® >0 in(0,R).

Moreover, the coefficent ¢ = ¥ must verifies the condition:

_ m=B 1
B(so) = O [1f m} >0



which is equivalent to the condition x3(f) < £ = % < 1, where x3 = x3(#) and function p are defined
before. Therefore, we obtain, that the interface concentration is given by the following expression:

Cs)t) = &8 L(i%)) = &8 L, t>0 (31)

Moreover, we seethat vs(t) > 0, Vt > Obecause{ = 8 > X, = W is obviously verified.

The solution of Cauchy problem (30) is computed numerically by the Runge-Kutta method for ordinary
differential equations. Figures 4 to 5 represent theoretical results for the interface concentration C(s(t),t) vs. s
and the interface position s(t) vs. t for high concentrations as a function of rhizosphere radius R. Results of a
sensitivity analysis using the quasi-stationary method for high concentrations are shown in Figure 6.
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Fig. 1. Interface concentration C(s(¢), t) vs. s as a function of
absorption power k for low ion concentrations (quasi-station-
ary method).
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Fig. 2. Root radius s(t) vs. ¢t as a function of absorption
power k for low ion concentrations (quasi-stationary meth-

od).

8(t) AT 12 DAYS (x10-2 M)

k * 48x10-9 M/S

Vo « 0.8x10-10 M/8

3.6 F E » 1x10-10 MOL/8 M2 Ve, R
D + 0.8x10~9 M*2/8

S0 + 5x10-4 M

[R*0IM

bs10, a1

[2)

2561

2t
1.6
Tk

0 " L L 1
o 0.6 1 1.6 2 25

CHANGE RATIC

s s E Dbk So

Fig. 3. Results of a sensitivity analysis of parameters for s(¢)
for low ion concentrations through the quasi-stationary
method.
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Fig. 4. Interface concentrations C(s(¢), f) vs. s as a function
of radius R for high ion concentrations (quasi-stationary
method).
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Fig. 5. Root radius s(t) vs. ¢ as a function of radius R for
high ion concentrations (quasi-stationary method).
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Fig. 6. Results of a sensitivity analysis of parameters for s(z)
for high ion concentrations through quasi-stationary method.

In order to compute C(s(t),t) as a explicit function of s(t) and t, and s(t) for a more genera rank of
concentrations we propose the following free boundary problem with the conditions 1-iv) given by:

iv)  DBbC(s(t).t) + VoC(s(D).t) = 1"?‘3%%% -

E = aC(s(t),t) vs(t), O<t<T (32)

The two free boundary conditions f(C) and g(C) can be now written by:



90 = & |5~ E- vC| (33)

© - [ - 4 =

which satisfy the following properties:
2 2
90 >0 & C, = —2hBd o cc gy = it Bid (35)

where d = /[ — Jn+ 62(Jm — E)]2 — 462JE with the hypothesis. 62 =
and

2
k E 1
fo1, £ (1 8),

f(C) >0 & C>C = with the hypothesis £ < 1 (36)

K[1- W

]

The interval (C,,, C/,) represents the range of concentrations for which g(C) > 0 and C, represent the
minimun soil solution concentration required for root growth.

To solve the problem with (32) (that is, to compute C = C(r,t) (in particular, C = C(s(t),t) and the
free boundary interface r = g(t) a priori unknown) we apply the mass balance integral method (Goodman,
1958; Reginato and Tarzia, 1992) to the present case for root growth. The solution is found integrating the
partial differential equation (1-i) in r on the domain (s(t), R). Thus:

R R R

Cr)dr = D[Cu(rt)dr + DL+ ¢) [ &0 gr 37
JCu(rp) ;
s(t) s(t) s(t)

and we propose:
cry) = 2N [1+ n®R—- n? (38)

which depend on the parameters of the system and satisfy the initial and boundary conditions 1-ii) and 1-iii),
that is:

C(r,0) = @(r) < 70 =0 (39)
— DBC/(R1) + VoC(RY) = 0 & —Dbd(R)+Ved(R) = O. (40)
Wedenoter = u(t) by:

v() = CED = S [1 + MR — sH)?] (41)

which depends on the parameters of the system through s(t), ®(s(t)) and 7(t). Replacing (40) and (41) in Eq.
(37), after some elementary manipulations, the problem is reduced to :

R R
S(tf)ct(r,t) dr = D[C(RY) — g(w(®)] + DL +¢) [RY — 40 +S({) 0O gr

vs(t) = f(v(1), S0 = s t>0 (42)

Replacing (38) in Eq. (42), after some elementary manipulations we obtain the following system of two
coupled ordinary differential equations (see Appendix B.) (valid for thecasese # 1, 2, 3):

dnt) _ _FitFot D(L+e) (Fs+FatFs+Fo+Fr+F) (0)
d (Fo+Fi0+F11) 7
=0
as() _ 1 k _ E _
¢~ a [l+ﬁ<I>(s(t))[l+n(t)(R—s(t))2] (sOA+nOR-sM)T | — fv ).,
0 = s

(43)



and:

®(r) = BA— A withB = & [1+ 8], A = o 5r (44)

which verifies conditions (39) and (40)

The initial profile concentration ®(r) given by the Eq. (44) above has been computed by the quasi-stationary
method (Reginato et al., 1990) for low concentrations and it is determined by the system. The functions F; are
given by:

F = [v% n D(lFf)] As Fy = — 260) [H"s((tt))(HmZ]

Fo= — b [ s — E— vo(s)1+nOR - s)?] = — Dgv(1)

Fs = AB[1+ 7(OR?] [% - %] , Fs — — 2ABp(HRIn [%] + ABy(t) R — ()]
Fom — AR 2 ), Fr = ZAnOR [ — &]

o= 8 [ ] o= ABREIR- ) - 5 (R -8

Fio = — ABR[R? - (1) + &5 [RE) - 29, Fu = P [R® - ()] — 525 [RE — 9]

We can remark that for the particular casese¢ = 1, 2 and 3, a similar system to (43) of two ordinary
differential equations can be obtained . The solution to system (43) is computed numerically by the Runge-
Kutta method for a system of ordinary differential equations. Figures 7 and 8 represent theoretical results for
the interface concentration C(s(t),t) vs. s and the interface position s(t) vs. t as afunction of absorption power
k in the range of low concentrations and parameters which satisfy the condition (17).
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Fig. 7. Interface concentration C(s(¢), #) vs. s as a function of

absorption power k for low ion concentrations through
integral balance.
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Results of a sengitivity analysis using the balance integral method for low concentrations are shown in Figure
9.
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Fig. 9. Results of a sensitivity analysis of parameters for s(¢)
through the balance integral method for low ion concen-
trations.

For high concentrations we obtain a quite similar system of ordinary differential equations with the
initial profile of concentrations (computed by the quasistationary method for high concentrations) given by:
®() = BA — £ (45)

where :
1 So Jn—E Jn—E
B = _((] + _>' A = — =m—E

Bv,

Figures 10 and 11 represent theoretical results for C(s(t),t) vs. s and s(t) vs. t respectively as a function
of rhizosphere radius R in the range of high concentrations and Figure 12 represent the results of sensitivity
analysis for predicted root growth through the balance integral method for high concentrations.
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Conclusions

From the analysis of the results given by the quasi-stationary method, we conclude that for low
concentrations the results of sensitivity analysis indicate that predicted s(t) increases rapidly with an increase



in v, and R (Figure 3). Values for k, b, D, E, and s, had little or no effect because the mathematical
aproximation of method is poor. On the other hand, for low concentrations the results of sensitivity analysis
obtained for the balance integral method (Figure 9) likewise indicates that predicted s(t) increases rapidly
with v, and R. The increase in v, represents an increase in total nutrient available for the plant, since, if the
remaining parameters are held constants, increasing v, increases the convective flux to root. Increasing R
increases the rhizosphere volume and so a greater ion quantity is available. At the same time we conclude that
the predicted s(t) increases moderately with Jy,. Values of b and D had little or no effect, whilst increasing k,
E, and s, the predicted s(t) decreases. The decrease with k (Figure 8) occurs because the gradient at root-soil
interfase (given by the EQ. (4)) as a function of k and C(s) decreases (the expression g(C(s(t),t) = %
[(k — vo)C(s(t),t) — E] takes into account the combined effects of increase in k and the decrease of C(s(t),t) as
afunction of k (Figure 7)). The decrease with s, occurs because, although the root surface increases as s, the
rhizosphere volume available decreases as L (R? — s2) where L is the length root and taking into account that
R> s then (R — <)) > < . (No alowance for a change in L with time is made because we have only
considered radial growth).

From the analysis of the results obtained by the quasi-stationary method, the interface concentration
become nearly constant after a week elapsed (Compare Figs.1 and 2), whilst from the results obtained by the
balance integral method the interface concentration is constant throughout the period simulated (Figure 7) in
agreement with the De Willigen's results (De Willigen, 1981) on N uptake. From the analysis of the results
obtained by the quasi-stationary method and the balance integral method for high concentrations, the results
of sengitivity analysis indicate that predicted s(t) increases rapidly with an increase in v, and R (Figures 6 and
12). Valuesfor b, D, E an J, were without effect or had little effect. The predicted s(t) decrease with respect
t0 S.

By comparing the results obtained by the quasi-stationary method and the balance integral method we
can conclude that: firstly, the mathematics of the quasi-stationary method allow analytical expressions which
must be satisfied by the system parameters, such as the inequality (17) and, secondly the general qualitative
behavior of the results is similar for both methods, although the balance integral method gives us a more
detailed theoretical information with respect to dependence on system parameters, for example, for low
concentrations, the variation of (t) vs. t with respect to the parameter k is negligible for the quasi-stationary
method (Figure 3) whilst the balance integral method gives us an appreciable change (Figure 9).

In conclusion, this paper represents a qualitative approach for the effects on root growth due to
absorption of only one mobile nutrient. From comparison between the results of the present model and the
model for ions that are relatively immobile for low and high concentrations (Reginato et al. 1990, 1991) we
conclude that the efficiency of absorption kinetics (J = kC or J = Jy, respectively) is greater for low
concentrations for both models. Moreover, these models are useful as a basis for developing more complex
models for transport of nutrients and their effect on root growth, as for example, these same models taking
into account the root lengh (the effects of some parameters could be change) and simultaneous absorption of
one or more inmobile and mobile ions.
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Appendix

Part A (quasi-stationary method): The expression for C(r,t) and s(t) can be obtained by a similar method
developed in Reginato et al. (1990). Function I, given by (14), satisfies the following properties:

1(0) = 0, (%) = 0, 1) = 2
I <0in(0,Xo) , [ >0in (X0, 1), I’ > 0in[xo 1]
|/(X1) =0, |(X1) = — ixl
I”<0in(0, x;), I’>0in(x, 1)
e<lX)<p=¢e+Q+eR in (X%,1),
where:
xo:ﬁ, a =1+ 2, e =P =03, O<x1:m<x0

Owingto (¢ = 2 €(0,1)):

Vo

ﬁll(%) 1 kfvo%|(%) _ 12%% —~1>0, Vt>0
the condition (17) is a consequence from the following equivalences:

gﬂ(%) ~1>0,¥t>0 & X <p() < 2with¢ €(0,) &

o K> 0 = u(p©) withp©) € (1,2) «

=

Sl=

> w(p(g)) withxs(f) < € < 1
wherexs = x3(#) > 0isthe unique solution of the equation p(x) = 1 withx € (0, 1).
Moreover, function p = p(X) verifies the following conditions:

p(07) =1, p(1) = 2
) >0in (x4(9), 1) , ) <0in (o, x4(9))
A xq = x4(0) € (0, 1) such that p'(x4) = 0, p"(X4) >0
' x3 = x3(0) € (Xq, 1) suchthat p(x3z) = 1
Then the solution of the ordinary differential equation (12) iswell defined because

IRY
IL'(¥)| < —(kvg\g) Ry, ¥ X € [Xo, 1]

Part B (Integral balance): Replacing (38) in Eq.(42), after some manipulations, we obtain:

R R
[Crydr = [®)iM)[Ry —r]*dr =
S(t) S(t)

= R27'7(t)fR<I>(r) dr — 2R7‘7(t)er<I>(r) dr + 77(t)fRQ>(r)r2 dr
S(t) s(t) s(t)

and, taking into account (44), we obtain:



R R R
[®() dr = ABfdr — Afr<dr =
s(t) () s(t)

= AB[R-s(t)] — &5 [R®9 — 9] (with e # 1)

R R R
Jré(r)dr = AB[rdr — A[r®9dr
s(t) s(t) s(t)

= B [R-2M)] - &5 [R&I —s29)] , (withe #2)

R R R
[r2e(dr = AB[r?dr — A[r®9dr
s(t) s(t) s(t)

A8 R - S(1)] — 25 [REI— 9], (withe #3)

then:

fRCt(r,t) dr = RZ%H(DAB [R— ()] — 4340 [RE-9) — s1-9(p)] —
s(t)

— 2RO [R? - ()] + T4 [RC9 —s29)] +
+ ()% R - 0] — g [RE9 — 59y (B1)

Similarly, we obtain:

R R
Jea - Fape- 2l nenoR-ole -

= AB[1+ n(HR? A & _ [2ABy(H)R] f a4 ABn(t) fdr -
s(t) s(t) s(t)

R
A1+ nt)R?] f A+ 2An(MR frH _ A”‘Z f) o
t

S(t)
RC(rt) 1 1
[ ar = AB[1+n(HR? [S(—fﬁ] 2ABnHRINE — ABy()R - (0] —
s(t)
ALOR] [ 11 } _ 2A0R {A _i} _
Tro D[ — RED p sO R

An(t) |: 1 (BZ)

1 1
-0 |RED s<f—1>(t)]

Finally, replacing (B1) and (B2) in Eq. (42), after elementary manipulations, we obtain the system (43).



Nomenclature

r: Position (radius) coordinate [em]

t: Time [Sec]

In: Rate of influx at infinite concentration [Sea/l-glm‘l}

Km: Michaelis Menten constant [ Mg ]

k: Absorption power of root [&n]

Vo! Flux velocity of soil solution at root surface [Sn]

D: Effective diffusion coefficient [ ]

C: Total diffusibleion concentration [ Mg ]

C: lon concentration in soil solution [Mg ]
C(s(b),b): lon concentration in soil solution at root-soil interface [ Mg ]

o(n): Initial soil solution concentration profile [ Mg ]

S- Initial radius [Cm]

E: Constant efflux [Ma]

S(t): Instanteneous root radius [Cm]

vs(t): Rate of radial root growth [So]

L: Root lenght [ cm]

R: Rhizosphere radius [Cm]

b: Buffer power Dimensionless
a Stoichiometric coefficient Dimensionless
€ Parameter Dimensionless
o Parameter [é]

9 Parameter w_nﬂ
a(t),6(t) Coefficients (Mo

B ), (t) Coefficients [Mol]

() Coefficient =1






